The spiral phase plate etalon transmission function is calculated from the low-reflectivity to high-reflectivity regime. Two approximations are considered: thick-plate approximation and thin-plate approximation. The thick-plate approximation explicitly takes into account the angle between the azimuthally increasing surface and the flat surface, while the thin-plate approximation does not. The two results are in agreement in the low-reflectivity regime, but not in the high-reflectivity regime. The thick-plate approximation is expected to provide a more accurate and general description of the device in all regimes. Origins of the device output intensity dependence on angle due to multiple vortex states present in the device are discussed, and a constraint on the number of internal reflections due to device geometry is also discussed.
INTRODUCTION
For about 20 years, spiral phase plates (SPPs) [1] [2] [3] [4] [5] [6] [7] [8] [9] [10] [11] [12] [13] [14] [15] [16] [17] [18] have been primarily used as tools to generate optical vortex beams endowed with orbital angular momentum (OAM) [19] [20] [21] [22] [23] . In addition to generating OAM, they have been employed for contrast imaging such as in coronagraphs [24] and microscopy [25, 26] , as well as in wireless communication [27] . When reflections off the surfaces of the SPP are considered, the device becomes a SPP etalon that forms a new etalon geometry [28] containing a coherent superposition of OAM states with welldefined phase relationship [28, 29] . In order to extend the capabilities of this photonic device as a useful tool in precision optical frequency metrology such as laser locking and stabilization systems [30] [31] [32] [33] , optical gyroscopes for rotation sensing, optical resonators [34] , quantum cavity electrodynamics [35] with OAM modes, atom circuits [36, 37] , and other areas of device physics and metrology, it becomes important to understand transmission through the SPP etalon in different regimes, i.e., from the low-reflectivity (low-finesse) to high-reflectivity (high-finesse) regimes.
Recently, multiple beam interference was reported in a SPP etalon for the first time [29] , in which the results were treated in the low-reflectivity regime where the thin-plate approximation is valid. Particularly, in the thin-plate approximation, the two surfaces are assumed to be parallel and planar with respect to each other [29] . For a realistic device, this approximation is expected to break down when the surfaces of the SPP etalon are highly reflective, i.e., in the high-finesse regime.
In this paper, a new approach is taken to study transmission in an SPP etalon; namely, the SPP etalon is modeled as a triangular wedge that varies as a function of azimuthal angle. The transmission through the device in the thick-plate approximation is calculated, where one surface is assumed to be flat and the other makes an angle with the azimuthally increasing surface. The analytic calculations will show that treating the SPP etalon in the thick-plate approximation provides consistent results with the thin-plate approximation in the low-reflectivity regime, but in the high-reflectivity regime there are additional interference effects and changes in peak intensity that emerge in the thick-plate approximation, but not in the thin-plate approximation. These additional interference effects arise when the angle that the flat surface makes with the azimuthally increasing surface of the SPP etalon is explicitly taken into account, and is expected to provide a better description of the device in both the high-reflectivity and low-reflectivity regimes. Furthermore, a constraint on the number of internal reflections is estimated based on the geometry (shape) of the SPP etalon, and origins of the azimuthal interference pattern and OAM states present in the device are discussed. The work presented is treated from a wave optics perspective, and focuses on interference effects on the output plane of the device.
TRANSMISSION IN THICK-PLATE AND THIN-PLATE APPROXIMATION
A. General Considerations In the thick-plate approximation, the SPP device is modeled as a triangular wedge where the azimuthally increasing surface makes an angle γ with the flat surface as seen in Fig. 1 . Δh is the azimuthal step height, h 0 is the base height underneath the azimuthal step height, and 2πω 0 is the circumference of the laser beam, which goes from ϕ 0 to ϕ 2π with ω 0 being the 1∕e 2 beam waist. The triangular wedge used to model the SPP etalon is expected to be valid for a small angle between the azimuthal surface and the flat surface such that tan γ Δh∕2πω 0 ≈ γ ≪ 1, where the SPP step height, Δh, is on the order of the wavelength of light, λ.
The electric field of uniform polarization is calculated by tracing the light wave amplitudes as it enters the device at normal incidence, and makes multiple internal reflections within the device. The transmission function is a superposition of the electric field amplitudes t thick ϕ u t 2 u t 4 u t 6 at a point on the output plane as shown in Fig. 1 . Note that the transmission function is calculated on a uniform output plane, i.e., a point on the dashed line where all the light waves meet (Fig. 1) . In order for multiple wave amplitudes to arrive at the same point on the output plane, u thick r; ϕ; h 0 Δh, they need to enter the SPP etalon at different points on the input plane, u thick r; ϕ; 0. A property of the wedge that varies as a function of azimuthal angle is that during each successive internal reflection in the SPP etalon, the angle of the beam increases by a value of γ (Fig. 1) . The small angle approximation is made throughout this calculation, where sin θ ≈ θ and cos θ ≈ 1 − θ 2 ∕2!, and Snell's law is used when waves undergo a change in refractive index. The electric field amplitude for the first wave amplitude that makes no reflection in the etalon is
For conciseness, d 1 Δh − Δhϕ∕2π1 nγ − γ 2 ∕2 is the distance that the wave amplitude travels in vacuum between the azimuthally increasing height and uniform output plane, and d 2 h 0 Δhϕ∕2π is the distance that the first wave amplitude travels in the SPP etalon (Fig. 1) . n and k 2π∕λ are the refractive index of the SPP etalon and the wave vector of light, respectively. The phase terms of all other wave amplitudes are expressed in terms of d 1 and d 2 . The device can be coated with ultrathin material [38, 39] such that the Fresnel transmission coefficient for waves going into and out of the SPP etalon is t 1 and t 2 , respectively, and the Fresnel reflection coefficient at the surfaces of the SPP etalon is r 2 , which can be designed to be anywhere between 0 < r 2 < 1. 
The complex-valued amplitude of the transmission function in the thick-plate approximation then becomes the sum of the electric field amplitudes:
u t 2 , u t 4 , u t 6 , etc. are the field amplitudes that represent each wave amplitude, and a coherent superposition of field amplitudes forms a series. M is the number of times that the wave hits the azimuthal increasing surface. The parameters used to design the SPP etalon device set the value of M and are discussed in the next section.
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The magnitude of the SPP etalon design parameters causes some terms in the phase to go to a value close to zero, as seen in Eq. (3b). t 0 0 e inkh 0 e ikΔh e iknγ−γ 2 ∕2 , α 0 n −1−nγ −γ 2 ∕2Δh∕λ, which is a modified "winding number" or "topological charge" of the SPP. Nevertheless, since γ ≪ 1, α 0 n − 1 − nγ − γ 2 ∕2Δh∕λ ≈ n − 1Δh∕λ α, which is the usual definition of the winding number. β 2nΔh∕λ and ϕ 0 4πnh 0 ∕λ are the periodicity and position of the interference pattern, respectively. The value of β determines the number of principal intensity peaks. The value of β and ϕ 0 is modified by a factor of γ 2 1∕3m 12m 1, which creates additional interference effects. When γ 0, the transmission function satisfies the thin-plate approximation as presented in Ref. [29] , for which the transmitted amplitude is The azimuthal step height goes from ϕ 0 to ϕ 2π over a 2πr circumference of the input optical beam. r ω 0 is the beam waist. The transmitted field on the output plane of the device is a superposition of electric field amplitudes, t thick ϕ u t 2 u t 4 u t 6 . The field is calculated at a point where the light wave amplitudes u t 2 ; u t 4 ; u t 6 …, enter at different points on the input plane, u thick r; ϕ; 0, and meet at a point on the uniform output plane, u thick r; ϕ; h 0 Δh (dashed line).
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By comparing Eqs. (3) and (4), it is seen that the transmission function in the thick-plate approximation does not form a geometric series as in the thin-plate approximation. This is evident by the presence of nonlinear terms in m. The calculation presented in this section shares similarities with previous wedge models (e.g., Refs. [40] [41] [42] [43] [44] ) in that during each successive reflection in the device, the angle increases by γ. In particular, the solution in Refs. [40, 41] is a special case of the more general solution provided in Eq. (3) when d 1 → 0, and reproduces the electric field amplitude scaling with angle γ 2 mm 12m 1. Nevertheless, in the case of this work, it is noted that the electric field amplitude presented in Eq. (3) is for a SPP device step height that increases monotonically over a ϕ 0 to ϕ 2π rad azimuthal angle and increases in the beam propagation direction, z, as opposed to increasing solely with z in a way that does not depend on azimuthal angle ϕ, as in Refs. [40] [41] [42] [43] [44] . This introduces boundary conditions on the x-y plane at ϕ f0; 2πg, such that at resonance there is a fixed number of principal intensity peaks, β, on the output plane of the device within a ϕ 0 to ϕ 2π rad angle. In addition, beyond the output plane of the SPP etalon, the field distribution evolves into having a region of zero intensity in the middle of the optical intensity profile, i.e., a vortex core, which gets larger as the beam propagates far away from the device. This is not shown in Eqs. (3) or (4), but the amplitude derived here can be substituted into the Fresnel integral in Ref. [45] along with other terms describing the field amplitude to derive the far-field diffraction pattern. Therefore, a calculation far away from the device will yield a different field amplitude, one that has an azimuthal intensity modulation in addition to a large vortex core [46] .
B. Low-Reflectivity Regime
In the low-reflectivity regime (i.e., surface reflection coefficient r 2 0.2178, reflectivity R r 2 2 ∼ 0.04 [47] and finesse F πr 2 2 ∕1 − r 2 2 ∼ 1), the transmission functions in the thick-plate and thin-plate approximations appear to yield similar results, as shown in Figs. 2(a) and 3 (images in first row) . This is seen by the perfect overlap of the transmission versus angle plots for r 2 0.21 [47] and r 2 0.50 in Fig. 2 . The parameters used in generating the plots to check the agreement between the thin-plate and thick-plate approximations are λ 632.991 nm, Δh 1.129 μm, and 1∕e 2 beam radius of ω 0 1.48 mm; the reflection coefficient is r 2 0.217, β 2nΔh∕λ 5.55, γ Δh∕2πω 0 1.21 × 10 −4 rad, and M 79 (M is calculated from the geometry of the device discussed in the next section). In principle, since γ ≪ 1, this validates the initial approximation in the thin-plate approximation regarding the SPP etalon surfaces being parallel for a device in the low-reflectivity regime (r 2 0.2 [47] ). Its consistency with experiments has been demonstrated in Ref. [29] .
C. High-Reflectivity Regime When higher reflectivity is considered, the thin-plate and thick-plate approximations start to show noticeable differences in the transmission function interference pattern. In particular, for a wavelength of λ 632.991 nm, an azimuthal step height of Δh 1.129 μm and a SPP etalon base height of h 0 0.6 cm, the thin-plate and thick-plate approximations appear to yield similar results at the 1% level up until approximately r 2 0.73 (R ∼ 0.53; F ∼ 4), after which noticeable changes between the two approximations start to emerge. These changes are characterized by the calculations in the thick-plate approximation having a slightly smaller peak height, and at even higher reflectivities, there are additional interference effects at the base of the principal transmission peaks (e.g., r 2 0.9, R ∼ 0.81, F ∼ 13), which are absent in the thin-plate approximation (Fig. 2) . The height of the additional interference peaks at the base of the principal intensity peaks decreases in the direction of increasing azimuthal height, with each principal intensity peak having a slightly wider width than the corresponding thin-plate approximation case. When an even higher reflectivity is considered, i.e., r 2 0.99, R ∼ 0.98, F ∼ 155 [ Fig. 2(b) ], the intensity peaks in the thick-plate approximation are a factor of 86% (∼13 times) smaller than the corresponding results in the thin-plate approximation. The point at which the thick-plate approximation starts to deviate from the thin-plate approximation is around r 2 0.73. This is characterized by smaller peak heights, and at even higher reflection coefficient (i.e., r 2 0.9, r 2 0.99) there are additional interference peaks at the base of the principal intensity peaks, and lower peak intensity heights.
LIMIT ON NUMBER OF INTERNAL REFLECTIONS BASED ON GEOMETRY OF SPP ETALON DEVICE
In a realistic SPP, the two surfaces are not parallel to each other. Hence, as the beam makes multiple reflections in the SPP etalon, the successive wave amplitudes exit the device at larger angles and travel in the direction of increasing azimuthal height. This angle scales as π∕2 − 2N − 1nγ, where N 1; 2; 3…, is the number of times that the beam hits the azimuthally increasing surface as seen in Fig. 4 . This suggests that the field amplitude that makes more reflections with the azimuthally increasing surface will acquire more phase (i.e., larger "twist") and exit the device in such a way that it is bent toward the direction of increasing azimuthal height (i.e., larger tilt in wavefronts) from a wave optics perspective (Fig. 4) , compared to light waves, which make less reflections. The more tilted wavefronts interfere with the less tilted wavefronts to create an azimuthal interference pattern. The tilt in light's wavefront is closely related to the "winding number" or "topological charge" of the vortex, α, and the phase difference between successive reflections is closely related to the modified value of β. The azimuthal distance traveled over a 2π rad angle before the beam makes another azimuthal round trip or walks off the SPP etalon with radius defined by the beam waist, r ω 0 , is calculated in the following (Fig. 4) . In the small angle approximation, the azimuthal distance traveled after M 2, M 3, and M 4 reflections with the azimuthal surface is L a 4γh 0 Δhϕ∕2π, L b 12γh 0 Δhϕ∕2π, and L c 24γh 0 Δhϕ∕2π, respectively (Fig. 4) . Hence, the distance traveled on the azimuthal surface of the SPP etalon after M N 1 (N 1; 2; 3; …) reflections with the azimuthal surface is
Typically, the device is fabricated such that h 0 ≫ Δh, which gives rise to an azimuthal travel distance of
As seen in Fig. 4 , the total length of the SPP etalon surface consisting of an azimuthally increasing height, Δh, and beam waist, r ω 0 , is L T 2πω 0 2 Δh 2 p ≈ 2πω 0 . The angle between both surfaces is related to the step height and beam waist given by tan γ Δh∕2πω 0 . By setting L N1 L T , and solving for N, a geometric factor describing the number of internal reflections that the beam makes with the azimuthally increasing surface before it makes another azimuthal round trip or walks off the initial input beam waist in the radial direction can be obtained. This yields the solution
For typical parameters such as 2πω 0 2π × 1.48 mm, h 0 6 mm, and Δh 1.12 μm, the beam makes 79 reflections with the azimuthally increasing surface before making another 2π rad azimuthal travel distance in the SPP etalon or walk off the initial input beam waist in the radial direction. This calculation has put a constraint on the number of internal reflections in the SPP etalon given the geometry of the device and the optical beam input parameters.
OPTICAL VORTEX STATES IN SPP ETALON
A peculiar characteristic of optical vortex states is that they possess quantized integer values of OAM as required by quantum mechanics. The multiple reflections of light with the azimuthally increasing surface of the SPP etalon causes the Fig. 4 . As wave amplitude, u 0 , make multiple reflections with the azimuthally increasing surface, the light waves come out at larger angles and are bent toward the direction of increasing height. The successive distance, L a;b;c… , by which the light beam exits the surface of the etalon also gets larger. Angles "a", "b", and "c" are π∕2 − nγ, π∕2 − 3nγ, and π∕2 − 5nγ rad, respectively. Thick-plate approx Thin-plate approx wave to acquire multiple vortex states with different OAM values. The OAM content in a beam is obtained by computing the overlap integral [48] [49] [50] of the transmission function in the thick-plate approximation with the wavefunction, e −ilϕ . This assumes that the OAM states are orthogonal to each other. The probability of detecting light in a given OAM state is
N l is a normalization factor, which is N l jt 2 t 1 t 0 0 j 2 P M m0 jr 2 2m j 2 jt 2 t 1 t 0 0 j 2 r 2 44M − 1∕jr 2 j 4 − 1, and α 0 ≈ α. It follows from Eq. (8) that for a beam without OAM incident on a SPP etalon fabricated with α, β ∈ Z, the transmitted beam contains light having
with detection probabilities
As the OAM states present in the SPP etalon from Eq. (9) are l α m1 − γ 2 1∕3m 12m 1β, m 0; 1; 2; …; M, this suggests that when the value of m is sufficiently large, the value of β → 0 until l α. For the parameters described in the text, this occurs when m ≈ 10 5 , but the probability of this occuring will be quite small, i.e., p m ≈ 10 −10 5 for r 2 0.5. Furthermore, from the geometry of the device discussed in the previous section, the value of m M is constrained by Eq. (7) (m ≈ 79 using current design parameters), which would give rise to 1 ≫ γ 2 1∕3m 12m 1; thus the multiple OAM states that contribute to the interference pattern on the output plane of the device would be l α mβ, m 0; 1; 2; …; M. This is the same result as in the thin-plate approximation, and therefore shows that in an appropriate limit the OAM states in the thick-plate approximation reduce in value to the thin-plate approximation. From Eq. (10), the probability that light is not in the l α state for various values of the Fresnel reflection coefficient is in second row of Table 1 , and the probability for a few individual states is in rows 3-5. These probabilities increase with increasing Fresnel reflection coefficient.
These results are interesting because one could infer that while there appear to be highly reduced intensity peaks in the thick-plate approximation, the same superposition of OAM states as in the thin-plate approximation will be present. As there is an interplay between the number of photon counts and the probability of detecting the individual OAM in the coherent superposition of OAM states, a technical challenge will be to sort and detect the individual OAM states from the coherent superposition of OAM states that the SPP etalon generates. With recent advances [51] , highly efficient sorting and detection of individual OAM states from this coherent superposition may be possible.
CONCLUSIONS
This paper treated an SPP etalon in which the effects of the angle between the azimuthally increasing height and the flat surface are explicitly included in the calculation for the first time, to the best of our knowledge. The results of this new approach show that a triangular wedge can be used to understand an SPP etalon from the low-reflectivity regime to the high-reflectivity regime. As these SPP devices hold tremendous design potential for broad applications, it may be advantageous to work in the low-reflectivity or high-reflectivity regime, which would depend on the specific application. The calculations in the thick-plate approximation are expected to accurately describe the device and are shown to reproduce the thin-plate approximation when the angle between the flat surface and the azimuthally increasing surface goes to zero. In addition, the calculation in the thick-plate approximation elucidates the presence of additional interference effects. These additional interference effects that manifest themselves in the high-reflectivity regime are captured in the thick-plate approximation, but not in the thin-plate approximation.
In the limit of a high-reflectivity device, the transmitted intensity peaks are much lower and linewidth is broader in the thick-plate approximation, compared to the results in the thinplate approximation. Furthermore, when a wave model is used to compute transmission through the device, the wave amplitude is bent in the direction of increasing azimuthal height and exits the device at larger angles after successive reflections with the azimuthal surface. This suggests that the photon counts with more "tilt" in wavefronts (i.e., higher winding number) will exit the device at larger angles. The OAM states present in the device and their probability of detection are also estimated. The results are expected to be of significance in building new compact optical and photonic devices based on the OAM of light as well as in diverse areas of optical metrology. 
